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Series Solution of Ordinary Differential Equations
Answer Exercise (1)

(1)  Use power series to solve the equation y"+y=0

Answer:
o0
We assume there is a solution of the form y = 3 a,x n @
n=0
We differentiate power series term by term, so
o0
y'=Y napx "t (2)
n=1
- n-2
y'= X n(n-Dax "~ 3)
n=2

In order to compare the expressions for and y" more easily, we rewrite y” as

follows:”
o0

y"= 3 (n+2)(n+Dag,ox " (4)

n=0
Substituting the expressions in Equations 2 and 4 into the differential equation, we
obtain

§ (n +2)(n +1)an+2xn - % anx” -0

n=0 n=0

OEO: [(n +2)(n+Dap > +an]x” =0 (5)
n=0

If two power series are equal, then the corresponding coefficients must be equal.
Therefore, the coefficients of x" in Equation 5 must be 0:

(n+2)(n +Dan .o +a,
anyo = :
27 (n+1)(n +2)
Equation (6) is called a recursion relation. If cy,c; are known, this equation allows us
to determine the remaining coefficients recursively by putting n=0,1,2,3,... in

succession.

N=012,3,. (6)
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Put n=0 a2:ﬂ

1.2
Put n=1 ag=_=
2.3
Putn=2 a;=—2-_20 _%
34 1234 41
Put n=3 a5=_a3: 4 __a
45 2345 5!
Put n=4 ag=—4-_—90 _~90
5.6 4156 6!
Put n=5 aj=—5-_4 _~4
6.7 5.6.7 7!

By now we see the pattern:

For the even coefficient, a,, =(-1)" %

For the even coefficient, a,,,; =(-1)"

(2n +1)!

Putting these values back into Equation 2, we write the solution as

2 4 6 2n
:ao(l—x TR Y A W +J

21 41 6l (2n)!
3 X5 X7 " X2n+l
*al(x‘a s ) )
00 N 2n 0 0 x 2n+l
203 (W T (Yo

(2) Use power series to solve the equation y"—2xy'+y=0
Answer:

o0
We assume there is a solution of the form y = 3 a,x"
n=0
We can differentiate the power series term by term, so
o0
y r_ z nanX n-1
n=1

o0
y"= Y n(n-La, x "2
n=2
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Substitute in the equation

o0 o0 o0

Y n(n-Da,x"?-23 nax" + ¥ a;x" =0
n=2 n=1 n=0
Let the first series start from O

e} o0 o0
> (n+2)(N+Dagox"— ¥ 2na,x" + ¥ a,x" =0
n=0 n=1 n=0
Separate first term from the first and third series to both start from 1

(0.0] (o.0] o0
2a) +ag+ Y (N+2)(N +1a, X "= ¥ 2nax " + ¥ ax" =0
n=1 n=1 n=1
Now collect the series
(0.0]
2ap +ag+ X [(n +2)(n +Dayo—(2n —Da, [x" =0
n=1
Then we have

2ap +a9 =0 — azz—%
[(n+2)(n+1ay - (2n-1)a,], n=12,3,...

N 2n -1 a
27 M 11)(n +2)

n, N=123.. (7)

We solve this recursion relation by putting successively in Equation 7

Put n=1: a3:%3a1
Put n=2: a4:3%a2:—ﬁ:%ao
Put =8 8= 4?56‘3 B 45.’5 2%3al B %al
Put =4 8= 5?6 4= 5.36.74!a° N _%7%
Put n=5: az :%al

Put n=6: agz%aesz—%'!llao

Put n=7: ag :%m :—1'5;39!'13a1
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In general, the even coefficients are given by ay,, = _3-7-1?2--[54;1 —5)
And the odd coefficients are given by ay,,_1 = 159...(4n -3) a
(2n +1)!
The solution is
_ _1 2_3 4_3-7 6_3.7.11 8
R
+a1(X L 13,15 5 159 7 +1.5.9.13)(9#“)
3’ Bl 71 ol
or
© J—
y =ap ]__lxz_ 3 3.7.11..(4n 5)X2n
2! n=2 (2n)!
w J—
varfx s & 15913.(4n-3) 2n.a) ®
n=1 (2n +1)!

(3) Use power series to solve the differential equation. y'—y =0
Answer:

Let y = > ¢ x" Then y'= 3 nc,x" ™
n=0 n=1
By substitute in the equation we have ncy X oy c,x" =0
n=1 n=0

o0 o0
Let the second series start from 1 as following > nc, X oy Cp_1X "-1_p
n=1 n=1

Now the power of x are equal and the two summation start from 1 then we write the

o0
equation in the form > (nc,, —c_9)X "-1_o
n=

c
~.(nc, —¢,_1) =0 =c, =271 n>1
n
c 1 1c Cc c c
C;=Cg, Cp=—-C=-9 Ccg=-C,=-.-0=—"0 20 gndc,=20
2.1 3 321 321 ! 41
) ] © o N
The solutionis y= Y c,x"= 3 Cx"=c, 3 = =cqe*
n=0 n=0 n=0 !
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4 y'=xy =0
Answer
Let y = > ¢ x" Then y'= 3 nc,x" ™
n=0 n=1
By substitute in the equation we have > nc,, X n-1_ Y CpX ntl_p
=1 n=0
Separate the first terms from the first series ¢;+ > nc, X oy CpX nl_g
n=2 n=0
i i s 1 & 1
Let the first series start from 0 i+ Y (N+2)Ch X" =Y x" =0
n=0 n=0
o0
Collect the series ci+ Y [(N+2)cno—cn]x =0
n=0
Compare the coefficient in both sides
C
c;=0and (n +2)c,,,—C, then c,.p= " :2), n>0
atn=0 CZ:C—O atn=1 03:0—1:0
2 3
atn=2 c,=2=20 atn=3 cs=23=0
4 24 5
atn=4 cG:C_“: o__ 3C0 - 20
6 246 2°1.23) 2°3
Co
Copp=—F>——, N>2
L —
Solution function is
< 2 3 4 5 6
Yy = 3 CoX " =Co+CiX +CoX T +CaX T +C X T +CeX +CeX T .+ CpX "+,
n=0
—cp+ Ox2p 04, C0 46, o a2,
2 2.4 2.4.6 2" L (n -1t
=Cy 1eix2y tya, t x6+....++x2”_2+...
2 2.4 2.4.6 2" (n =1
- X2n—2 0 X2n
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Iy 2
(®) y'=x%y =0
Answer
Let y = > ¢ x" Then y'= 3 nc,x "™
n=0 n=1
By substitute in the equation we have >’ nc, X oy CpX n+2_0
=1 n=0

Separate the first two terms from the first series

< n-1_ < n+2
CL+2CX + D> NCy X =X cpx =0
n=3 n=0

Let the second series start from 3then  ¢;+2C,X + Y. nc,x "t = Y ¢, ox"1=0

n=3 n=3
Collect the series Cy + 26X + 23[”% —Cp_g]x" =0
n=
Compare the coefficient in both sides
¢y =C,=0and nc, —c,_3 then cn:C”‘3, n=3
n
atn=3 C3=C—0 atn=4 c4—c—1:0
3 4
atn=5 c5=2=0 atn=6 cg=3="0
5 6 3.6
atn=7 c7=C—4:0 atn=38 c8:0—5=0
7 8
atn=9 09:0—6: ‘o _ 3C0 = 20 Cap = ‘0 nx1
9 369 3°@1.23 3°3 3".(n)!

Solution function is

0
y =Y cpX " =Co+CX +CoX 2 +CaX S +Cx P Heex X +Cex S+ x M L.
n=0

Co,3 CoxeJr Co 9o, . Co 3n

=Co+-2x°+ X7 4., x4,
37 36 369 3" (n)!
=Cq JTEDE I SN SIS B I
37 736 369 3" (n)!
=Cp nl X3n.
n=0 3.(n)!
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6) (x -3)y'+2y =0
Answer

Let y = > ¢ x" Then y'= Y nc,x "™
n=0 n=1

o0 o0 o0
By substitute in the equation we have Y nc,x" — 3 3nc, x "1+ 3 2¢,x" =0
n=1 n=1 n=0

Let the last series start from 1 then > nc,x" — 3 3nc, x" 1+ Y 2c, x"1=0

; < n_ - n-1
Collect the series Y. ncyx' — X (3nc,—2c,4)x" =0
=1 n=1

Separate the first term from the second series

> ncyx™ —(3c;-2c9)— X (3nc, —2c,4)x " t=0
n=1 n=2
Let the first series start from 2

%O: (n _1)Cn—1xn_l—(3cl—2C0)— OZO: (3ncn —2Cn_1)Xn_1:O
n=2 n=2

Collect ) [(n=2)c,_y—(3nc, —2c,_1) [x "= (3c,-2¢9) =0
n=2

Simplify the bracts 3 [(n +1)c,_1—3nc, x " = (3¢, —2¢4) =0

n=2
Then clzﬁ and (n+1)c,_;—3nc, =0 ~.Cpy :%, n>2
3 3n
atn=2 szﬁ:_&ZcO:c_o at n=3 c3:4C2= 4co _ 4o
32 323 3 33 333 27
atn=4 04:503= > 4 _ o
34 34 27 81
The solution
Y= 3 X" =Co+CX +CoX 2 +Cax S+ x Feex X Hegx S e, x ML,
n=0
=Cp 1+Ex +1x2+ix3+£x4+...
3 3 27 81
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(N y"+xy'+y =0

Answer

o0
We assume there is a solution of the form y = 3 a,x "
n=0
We can differentiate the power series term by term, so

' 2 n-1 " & n-2
y'= X na,x and y"= > n(n-1a, X

N

o0 o0
Substitute in the equation > n(n-Da,x"?+ ¥ nax" + ¥ apx" =0
Let the first series start from O

e} e} o0
> (n+2(N+Dagox"+ X napx" + X agx" =0
n=0 n=1 n=0
Separate first term from the first and third series to both start from 1

o0 o0 o0
2y +ag+ Y (N+2)(n+Da, »x "+ ¥ nax" + Y a,x" =0
n=1 n=1 n=1
0.0)
Now collect the series  2a, +ag+ X [(N +2)(n +Dap o+ (n +Day ]x" =0
n=1
Then we have

28 +ag =0 — azz—%

[(n+2)(n+Day o+ (n+Day ], n=1,23,...

3 _ —(n+1) 4 = —an
2 i) +2) " (n+2)

n=123,. (7)

We solve this recursion relation by putting successively in Equation 7

Put n=1: 33:_%1

Put n=2: a4:%1a2=%1az=iao
-1 &

Pt n=3: as=ga3=3—.l5

Put n=4: 36:%16‘4:#1_66‘0

Put n=5: a7=_7135:%
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-1 1
Put n==6 =— =
% 8 2.4.6.8a0
-1 =]
Put n="7 =—ay=
®= 9% 3579
o ] (_1)n—1 (_1)n—1
In general, the even coefficients are given by ay, = ag = ap
2.4.6...(2n) 2" (n)!

" . _(=p"2" n_

And the odd coefficients are given by a1 = 35.7..(2n +1) il 2n +1)!

The solution is

_ 2 ()" on 2 (-D"2"n! o0
y—a0(1+n2212n(n)!x }""{Eo (@n+1) ]

B)y"=y
Answer

o0
We assume there is a solution of the form y = Y a,x"
n=0
We can differentiate the power series term by term, so

' 2 n-1 " 2 n-2
y'= 2 nayX and y"= Y n(n-1)a, X

n=1 n=2
. . . s 2
Substitute in the equation then > n(n-Da,x" =Y ax"
n=2 n=0
o.0] 0.0]
Let the first series start from 0 > (n+2)(N+Dagox"= Y ax"
n=0 n=0

Equating the coefficient in both sides (n + 2)(n +1)a,,,» =a, and
Ao 1

27 (n+1)(n +2)
We solve this recursion relation by putting successively in the equation.

an, N=0,123,..

Put  n=0: 32:@:@
12 2
1 1
Put n=1: ag=——a; =—a
37531 311
34271234 4
1 1 1
Put n=3: =—ag= q=—a
%= 458723454 51

9
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Put n=4: a6:ia4:L:@
5.6 1.2.3.456 6!
In general, the even coefficients are given by ay, = (2n)lao
.. ) 1
And the odd coefficients are given by a = &
g Y @n41 2n +1)! il
The solution is
& 2n 2 1 2n+1
= X' +a -
V=80 2 oy AL Gn ey
9y "-xy =0
Answer

Let y =3 c,x" Theny’'=3nc,x"* and y"= Y n(n-1)c, x "2
n=0 n=1 n=2

By substitute in the equation we have
< 2
n(n-1)c, x""
n=2
In the second series the power of x in the general termis n +1 if we change it to
becomes n — 2 then the summation start from 3 to unchanged the terms of the series.
- n-2 < n-2 _
>nn-c,x - >Xc,3x “=0
n=2 n=3
Separate the first term from the first series
2.1c, + X n(n-1)c, X n—2_y Cp_3X ""2_0
n=3 n=3

Now the power of x in the general term in both series are equal and the summation

start from 3 which leads to write the two terms as a one term as following.
- n—2

2Ic,+ X [n(n-Dc, —c,_3]x"°=0
n=3

Compare the coefficients of x in both sides we have

CZZO
Ch-3
Ch=——"2-,N23
c,=—n=8 _ n>3" " nn_p)
n(n-1)

10
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C:C_OZC_O C201:201 :201
3732 3 4743 432 4l
20 65 653 6!

e Ca _ 2c; 10c
7778 7841 8l

Substitute by the coefficient in the hypothesis y = Y ¢, x "
n=0

& n 2 3 4 5 6 7
Y =Y €X' =Co+CiX +CoX T +CgX " +CgX " +CsX 7 +CX ° +CoX | ...
n=0

=Cg +CyX 404503, %14 g, X0y6 100, 7,
3! 41 6! 8!

{ x3 4x°® :l { 2x* 10x ' }
=Co|l+—+—+... [+Cy| X +——+ +...
31 6! 4! 8!

o0
We assume there is a solution of the form y = Y a,x"
n=0

We can differentiate the power series term by term, so

' 2 n-1 " 2 n-2
y'= 2 nayX and y"= Y n(n-1)a, X

n=1 n

|
N

n-2 <2 n 2 n _
n(n-Da,x “— > na,x — > ax =0
2 n=1 n=0

Substitute in the equation

1 ™M8

n
Let the first series start from O

(e 0] (e 0] o0
> (n+2)(n+Dayox "= X napx" — ¥ ax" =0
n=0 n=1 n=0
Separate first term from the first and third series to both start from 1

o0 o0 o0
2a, —ag+ Y (N +2)(n +Dap,ox" = Y nax" — Y ax" =0

n=1 n=1 n=
Q0
Now collect the series 2ap —ag+ X [(n +2)(n +Da,,o— (N +Da, [x" =0
n=1
a

Thenwe have 2a;-ag=0 — ay= 5

11
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[(n+2)(n+Day - (n+Da, ], n=123,...

(n+1) an

M2 e ) O ")

We solve this recursion relation by putting successively in Equation 7

Put n=1: as :a_:;
Pt n=2: a4=%a2=%32:$a0
Put  n=3: as=%a3=%
Put n=4: a6:%a4:$ao
Put n=5: a7:%a5=%
1 1
Put  n=6 87 8% 24680
1 a
Pt n=7:  ay=gar=solo
In general, the even coefficients are given by ay, = 2_4,6%.(2n)a0 = on in)!ao
1 2" n!

And the odd coefficients are given by asp,1 = 357..(2n +1) & (2n +1)!
D.7..(2n + +1):

il

The solution is
© 1 ©  2"n!

y=ag|l+ ¥ ———x*" +a| T ———x"" (**)
n=12"(n)! n-o (2n+!

Whenx=0 ag=1

Differentiate with respect to x and substitute by x=0 then a; = Othen the solution is

2n
© X
y=2 -
n=0 2 n!
Use ratio test to discussed the divergence of the series
un+1 X2n+2 2nn|_ ] X2

Iim /== [im 1 T im =
noo Uy noo2" D1 x " now2(n+1)

Then the series converges for all x

12
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(11) y"+x2y:0
Answer

Q0
We assume there is a solution of the form y = ¥ a,x " @
n=0
We differentiate power series term by term, so

& n-1
y'= Zlnanx (2)
n=

- n-2
y'= X n(n-Dayx " 3)
n=2
In order to compare the expressions for and y" more easily, we rewrite y” as
follows:”

o0
y"= > (n+2)(n+1ay x" (4)
n=0
Substituting the expressions in Equations 2 and 4 into the differential equation, we

obtain
o0

0
> (n+2)(n +Day x" + > ax"t =0
n=0 n=0

Separate the two first terms from the first series

0 o0
123, +2.3agX + 3. (N+1)(N+2ap. X" + 3 a,x "2 =0

n=2 n=0
Let the first series start from O

x© 00
1.2ay +2.3a3x + 2 (n +3)(n +4)a,,4X n+2 > anX n+2_p

n=0 n=0
Collect
(e 0]
1.2a, +2.385X + 3 [(N+3)(N +4)an 4 +2, K "2 =0 (5)
n=0

If two power series are equal, then the corresponding coefficients must be equal.
Therefore, the coefficients of x" in Equation 5 must be 0:

dp =ag = 0

[(n+3)(n+4)ap 4 +a,]=0

An.g = —an
47 (n+3)(n +4)’

N=0123,.. (6)

13
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Equation (6) is called a recursion relation. If cy,c; are known, this equation allows us
to determine the remaining coefficients recursively by putting n=0,1,2,3,... in
succession.

whenn=0 a,=_20-"% when n=1 as= _2-"4
34 12 45 20

when n=2 ag= when n=3 a;=—2=0
65 5 6.7

whenn=4 ag=_4_90 when n=5 ag=_5- 4
7.8 672 8.9 1440

y =agtax + x4, "Ay5, % (8, A 9,
12 20 672 1440

1 4 1 g 1l 5 1 o )
=ag|l-—X "+ — X" - |+ X ——=XT+——XT +...
y ao( 12" 672 j 1( 20" 1440

(12)  y"+x%y'+xy =0,y (0)=0,y'(0) =1
Answer
x =0 is ordinary point because p(0)=1then the solution can be take the form

y= Z Cnxn
n=0

- 1 - 2
Then y'= ¥ nc,x"™" and y"= ¥ n(n-1)c, x""
n=1 n=2
By substitute in the equation we have
< 2 - 1, v 1
S>nin=-1)c, X"+ ¥ nc, x""+ T x"TT=0
n=2 n=1 n=0
Separate two terms from the first series and one from the third

< n-2 , < n+1 < n+1
20, +6cx+ Y n(n=1)c, X"+ ¥ nc, x"T+egx + Y x" =0

Let the first series start by 1
26, + (603 +Co)X + X (N +3)(n+2)c,,3x" T+ ¥ ne, x"*
n=1 n=1 n=1

Collect the series

14
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)
2C2 + (6C3 +C0)X + Z [(n + 3)(n + 2)Cn+3+ nc, +c, ]Xn+l -0
n=1

Compare the coefficients
Co
6

(n+3)(n+2)c,,3+nC, +C,=0

C,=0 and c;3 =

The recurrence relation is
—-(n+1)

c = c,, h=1,23,..
BT n+2)(n+3) "
whenn=1 ¢ —_—Zc whenn=2 ¢ —_—3c =0
I VA ~T a5
— —4c — .
when n =3 c6=—4c3=—4—0 whenn=4 ¢, = SC4= 25 Cy
5.6 56 6 6.7 3.4.6.7
-6 —7 2.7
whenn=5 ¢cq=—<¢:=0 whenn=6 Cq=—-=Cx= c
87787° 9789 % 35689°
y =Cq+CiX +02x2+c3x3+c4x4+c5x5+c6x6+c7x7+c8x8+c9x9+...
1 3 1 4 1 ¢ 5 4 7
=Ch+CX+0+-—-—CX"=—CX +0——CoX +—CX +0+—-CpX~" +...
Y=ttt 69" "6t 459" T o527t 3240 ©

6 45 3240 6 252

y =CO(1+1X3—iX6+LX9+...)+Cl(X —lx4+ix7 + )

Initial condition tell us that Co_g ang ¢,—1 then the solution is

=C x—1x4+ix7+
y =4 6 252

15
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Answer Exercises (2)

Obtain solution of the following differential equations in ascending power of x
starting for what values of x the series is convergence

(D 4xy"+y'—y =0 @
Solution:

o0
We assume there is a solution of the form y= Y, a, x**"

n=0
We differentiate the power series term by term, so

o0

dy s+n-1
S——= a,(s+n)x :
dx oo
2 0
3—;/: > a,(s+n)(n+s—1)xSN2
X =0

Substitute in (1)

x [0.0]
Y da (s+n)(n+s-1x**" 14 ¥ oa (s+n)x*" 1k s+n _ g

anX

5
Lbe

> [(s+n)@dn+4s-3)]a,x**" 1+ ¥ a,x**"=0
n=0 n=0
Collect the series

e 0} e 0}

> [(s+n)(@n +4s—3)]anxs+”"1+ > a, x> =0
n=0 n=0
Separate the first term from the first series

© o0
s)(ds —=3)]ag+ Y [(s +n)(@n +4s -3)]a x>+ ¥ a xSt =0
[ 0 ; i
n=1 n=0
Let the first series start from O

b o0
[(s)4s-3)]ag+ X [(s+n+D)(@n+4s+D)]a, . x*"+ ¥ a, x> =0
n=0
Collect the series

[(s)(4s —3)]ap + %o: {[(s +N+1)(4n +4s +1)]an 1 +a, }xs”‘ =0
n=0

The indicial equationis  [(s)(4s—3)]=0
3

Which gives two rootsare  s=0, s= "

{[(s+n+1)@n+4s+1)]ay,; +a,}=0

16
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a
an,1= n
17 (s +n+1)(4n +4s +1)

(2)

. a ©
When s=0 in(2)then a,,,= n 'n=012.. and y = a,x"
@) 17 0 4 1)(4n +1) y Eo "
3.1 ao 3.2 ao
a; =a ' a =——=—", An = =
1750 2725 25 3739 2539
as dp
a4= = ,
413 25.39.4.13
ay ag
a5= —
5.17 25.3.9.4.135.17
a. = ds _ do
6 6.21 2.5.3.9.4.13.5.17.6.21
In general
do

a, =
n11.5.9...(4n - 3)

[0 0]
Substitute in the series y= Y. a,x>"

n=0
< 2 3 4
y1= Z aan=a0+a1X+a2X +a3X +a4X +...+aan+
n=0
=ap| 1+ X + 1 X2 + 1 x> + 1 x4+
2.5 2.5.3.9 2.5.3.9.4.13
y.=|1+ %o: ! x"
L Zn! 159..(4n-3)

at s =§ substitute in (2)

A 41 = %n , n=123.., andy =x3/4§: ax",
An+7)(n+1) n=0
Now
a1=a—0, a, = 4 __ %
7.1 112 7.1.11.2
A, =22 _ g
37153 7.1.11.2.153
a, = 28 _ ag
47194 7.1.11.2.153.19.4
In general a,, = al n=1,23,.. and

n17.11.15.19...(4n + 3)’

17
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344, 3 % "
Y2 { El n!7.11.15.19...(4n + 3) }

y =Ay(+By,
=Al1+ Y 1 x" |[+Bx¥4 1+ ¥ : x"
S n1159..(4n -3) & n17.11.15.19...(4n + 3)
or ly =A| X L x" [+Bx34 > 1 x"
& n1159..(4n -3) & n17.11.15.19...(4n + 3)

Another technique
We can find the solution as a function of x and s then substitute about the two values
of s as following

an

a = 2
17 (s +n+1)(4n +4s +1) (2)
ag
when n=0 then a;=
(s+1)(4s +1)
when n=1 then a,= 4 - a9
(s+2)(4s +5) (s+1)(s+2)(4s +1)(4s+5)
when n=2 then ag= a2 _ g
(s+3)(4s+9) (s+1)(s+2)(s+3)(4s +1)(4s+5)(45-9)
)

in general  a

- (s +1)(s+ 2)(s+ 3)...(s+ K)(4s +1)(4s+5)(4s+9)...(4s+ 4k—-3)

o0 o0 Kk
z(x,8)=x>Y ax"=x°|ag+ Y a.x

=x5 {ao + i a x }
ko (S+1)(s+2)(s+3)...(s+Kk)(4s +1)(4s+5)(45+9)...(4s+ 4k-3)

When s=0

®© a,
— ,O — 0] kj|
Y1=2600) {a“éo D)) KDE)O)-(4k=3) "

_ < 1 k
‘a‘)[“éo KT OEE).-(4k+3) }

When s=3/4
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3 00 a
Vo=2(¢3)=x4|ag+ ¥ 0 0

). L @eaa). 4k

3 00
=x4lag+ Y 20 xK
&, 7.11.15..(4k+ 3)K !

y =Ay1+By;

=Al1+ ¥ L x" [+Bx%¥41+ 3 L x"
Zn1159..(4n-3) 22 n17.11.15.19..(4n + 3)

(4)x(A-x)y"-12y"'+4y =0

Answer

o0
We assume there is a solution of the form y= Y, a, x**"
n=0
We differentiate power series term by term, so

dy & s+n—1 d 2y < s+n—2
——= Y a,(s+n)x : —> =2 ap(s+n)(n+s-1)x
dX nhoo dx“ n=0

Substitute in the differential equation then

Y 9s+n)n+s-1a x> -3 9(s+n)(n+s-1ax*"
n=0 n=0

- 12a (s +n)x*™ 1T+ 3 4a x5t =0
n=0 n=0

Collect the series

f‘, [9(s +n)(n +s —1)-12(s +n)]a,x**" "'~ i [9(s +n)(n+s -1)—4]a,x**" =0
0

n=0 n=

Simplify the bracts

> [(s+m)On+9-21)]a,x**" = 3 [(3s+3n+1)(3s +3n—4)]a,x**" =0
n=0 n=0

Separate the first term from first series
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[(s)(9s —21)]ax*~*

+3 [(s+mOn+9-21)]a,x**""" =3 [(3s +3n+1)(3s +3n-4)]a,x**" =0
n=1 n=0

let the first series start by O
[(s)(9s —21)]agx*~*

+ f [(s+n+1)(9n +9s —12)]a,,,x°*" - f [(3s +3n +1)(3s +3n—4)]a,x*"" =0
Cgrlzct the series "
[(s)(9s —21)]apx*~"
+ i {s+n+1)(9n +9s —12)a,,; — (35 +3n +1)(3s +3n —4)a, }x**" =0
Tﬁgoindicial equation is
[(s)(9s—21)]=0 then s=0, s= g and

(s+n+1)(9n +9s —-12)a, ., —(3s +3n +1)(3s +3n —4)a,

a _(35+3n+1)(35+3n—4)a _(8s+3n+1)
T35 +n+1)(Bn+3s-4) " 3(s+n+1)

a,, n=0,1,2,...

Case (1) When s=0 then

(3n +1) * n
=-—"a.,n=012,...and y = a,Xx
n+1 3(n+1) n y n§0 n
3n+1

a,,,=——a
n+l 3(n+1) n
1
atn=0 a, =—a
1= 3%

4 1.4

2732t 2R’
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atn=2 a=la-l L4, 147

= ag = a
33 % 333202 ° 3331 °

10 10 1.4.7 1.4.7.10
atn=3 a;=—-2a, =

=——""a,=—"——a
347373433310 344 O

1.4.7.10...(3n - 2)
% = 3" n! %o

Then

y1(X)=ag+agX +aX 2+ .. +a X" +..

a A4, A7..(3n -
=ao[1+?0x+£x2+....+147 (3 2)x”+..}

3221 3"n!
00 —
_ap| 1+ 1.4.7...(3n 2)Xn
n=1 3nn!
® 147..03n-2 -1/3
yi(xX)=1+ ), n( )Xn =(1—X)
n=1 3 nl
7 .
When s =3 substitute in a,,,,
= (3s+3n +1)an’ N=012 .
3(s+n+1)
Then a_, =N ¥8) 1 012,
(3n +10)
8
atn=0 a,=—a
1= 7%
11 8.11
13 10.13
14 8.11.14
16 10.13.16
Q- 8.11.14...(3n +5) N=1234 .

n— a01
10.13.16..(3n +7)
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y2=xs[ao+alx +ax2+ .. +ayx" +J

1+ —X+

yo=xT'3% 8 .81l p  81114.3n+5) n
2 01" 10" "1013" " 1043.16..(3n+7)

© 811.14..(3n +5) x”}

713
X)=X 1+
Y2(x) { nél 10.13.16...(3n +7)

General Solution
Y =Ay,+By, Where A and B are arbitrary constants?

Bessel Equation

In this section we consider three special cases of Bessel’s equation,

x2y”+xy’+(x2—m2)y:0 (1)

Where m is a constant,. It is easy to show that x = 0 is a regular singular point. For

simplicity we consider only the case X >0

Bessel Equation of Order Zero.

This example illustrates the situation in which the roots of the indicial equation are
equal. Setting m =01n Eq. (1) gives

x2y”+xy'+x2y =0

(1) The Bessel equation of order zero is X 2y "+ XY+ X 2y =0 show that the roots of

o . . . L (-)"x 2"
indicial equation are s; =S, =0and one solution for x >0is Jg =1+ Y ———-
1—°2 0 on 2
|
show that the series converges for all x .
Answer
Since x =0 regular singular point then the solution in the form
o0
z(x,8)=x°3 ax"
n=0
Substitute in the equation then
[00) o0 [00) 2
> (n+s)(n+s-Dax" P+ > (n+s)a,x"+ Y a,x"tFe=0
n=0 n=0 n=0

Collect the first and the second series

(e 0] o0
3 (n+s)2anxn+s+ D aan+S+2:O
n=0 n=0
Separate two terms from the first series we have
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2, S 2. .5+, « 2 n+s+2 | < n+s+2 _ ;
STapX” +(L+s) x>+ > (n+2+5s)%a, X + D apX =0Equati

n=0 n=0
ng the coefficient in both sides
szao =0
(1+s)2a1 =0

The recurrence relation is (n + 2 +s)2an+2 +a, =0
Then s =0and g =0

1

ap p=—————a

nte (n+s +2)2 "

L

2 (s +2)2

a, = -1 a, = 1 ag

P2 (s +2)2s +4)2

= g, = -1 ag

° T 5 +6)2 1 (s +2)%(s + 4)%(s + 6)2
_1k

Ak = -

(s +2)%(s +4)%(s +6)°..(s + 2k)a0

Then
o0 k
z(x,s)=agx® |1+ Y ) x 2K
ko1 (s+2)2(s+4)%(s+6)2...(s+ 2K)
Setting s =0
2D
y1=z(x,0):aol:1+k2=1 WXZk}

The function in brackets is known as the Bessel function of the first kind of order
zero and is denoted by J(x ) . The series converges for all x, and that Jo(x ) is

analytic at x = 0.

k
< (D 2k
Jo=1+Y —2 _x
k= 22K (kn?

Note that y» :L;j—sz (x ,s)}

s=0
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0 (_1) k +1

yo=Jglnx + Y ———
0 Z1 22K (k)2

2 s
CkX“" wherecy = >
m=1

L
m

Simple solution
Since x =0 regular singular point then the solution in the form

o0
y(x,s)=x°3 apx"
n=0
Substitute in the equation then
o0 o0 0.0)
S (n+s)(n+s-Dax"+ Y (+s)ax"t+ Y ax"St2 =0
n=0 n=0 n=0
Collect the first and the second series

e 0] o0
3 (nJrS)Z(,ianJrs+ D anXn+s+2:o
n=0 n=0
Separate two terms from the first series we have

2 S 2 s+l — 2 n+s+2 & n+s+2 .
sagX” +(1+s) x>+ X (nN+2+5s)%an X + > apX = 0Equati

n=0 n=0
ng the coefficient in both sides
52a0 =0
(1+5s)%a =0

The recurrence relation is (n +2 + s)zan+2 +a, =0
Then s =0and g =0
-1

iy =—"T"TH->54a

i (n+s +2)2 "

Setting s =0

a 1
2= 5

n+ (n+2)2 n
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ap = _—1230
(2)

4 = _1232: 21 290
(4) (2)~(4)

% = _12a4: 2_12 290
(6) (2)k (4)°(6)

a, (-1) 3

< (@22@)2(6)%.(2K)

Then
® (-D¥ 2K
0)=ag|1
y0 ao{ +k2:1 (2)2(4)2(6)2...(2|<)X }
< (1) 2k © (DK
—anll _1 =D
ao{ +kz=1 2%k (1)2(2)2(5’3)2---(k)X } +k=1 22K !)X

This function is known as the Bessel function of the first kind of order zero and is
denoted by Jq(x ) . The series converges for all x, and that J5(x ) is analytic at x = 0.

Jo=1 G (x
0 +kZ:1 kn2\2

Bessel Equation of Order One. This example illustrates the situation in which the
roots of the indicial equation differ by a positive integer and the second solution
involves a logarithmic term. Setting m =1 in Bessel equation gives
X2y +xy’+ (x4 -1)y =0

(2) The Bessel equation of order one is X 2y "+ Xy "+ (X 2 —1)y =0 show that the roots of

indicial equation are sy =1, s, =—1and one solution for x >0is
_l 1o (_1)n X 2n+1
2n=0 2%"ni(n+1)!

Jq show that the series converges for all x

Answer
Since x =0 regular singular point then the solution in the form

o0
z(x,8)=x>3 amx"
n=0
25
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Substitute in the equation then

- n+s < n+s - N+s+2 < n+s
(n+s)(n +s —Da,x + > (n+s)ayX + > apX — > apX =0
n=0 n=0 n=0 n=0

Collect the series

[00) o0
> (n+s-Dn+s+Dax "™+ Y ax"St2=0
n=0 n=0
Separate two terms from the first series we have
(s —1)(s+Dagx S +(s)(s+ 2)agx 5
% o (24)
+Y (n+s-DHn+s+Da, x"°+ 3 a,_» x" =0
n=2 n=2
Equating the coefficient in both sides

(s-D(s+Dag=0

S(s+2)a =0
Then sy =1and s, =-1
And the recurrence relation is (n+s -1)(n +s +1)a, +a,_» =0
-1
(n+s-1(n+s +1)
Corresponding to the larger root s = 1 the recurrence relation becomes

We also find from the coefficient of x "+ in Eq. (24) that a; =0; hence from the
recurrence relation ag=ag=...=0

. For even values of n, let n = 2m: then

-1 -1
2 omEm+2) 2 2 (m 1)
By solving this recurrence relation we obtain
()"
22M m1(m +1)!
The Bessel function of the first kind of order one, denoted by J; , is obtained by
choosing ag =1/2. Hence

doym-—2 M =12,3,...

Aom = ag, m=123,..
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B 0 (_1)m—1 X 2m+1
Jl_mzzo (m)!(m +1)!(Ej

The series converges absolutely for all x, so the function Jq is analytic everywhere.

¥
1

05—

Bessel Equation of Order One-Half. This example illustrates the situation in which
the roots of the indicial equation differ by a positive integer, but there is no
logarithmic term in the second solution.

xzy”+xy'+(x2—%)y =0

Since x =0 regular singular point then the solution in the form

o0
z(x,8)=x>3 amx"
n=0
Substitute in the equation then
0.0]

n=0 n=0 n=0 n=0 4

Collect the first and the second series

e 0] o0

5 [(n+s)2_%}anxn+s Ly aan+s+2:o

n=0 n=0

(e 0] e 0]

3 [(n +s—%)(n +5s +%)]anx”+s + Y ax"st2-p
n=0 n=0

Separate two terms from the first series we have
(s —2)(s + Dagx® + (s + )(s + Dapx *
< n+s & n+s (17)
+n§2 [(n +s—%)(n +5 +%)]anx +n§:)2 an_x " =0
Equating the coefficient in both sides

27
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(s = 3)(s +3)39 =0

(s+3)(s +3)ag =0

hence the roots are $; =1 and s, = —% differ by an integer. The recurrence relation 1s

2
1 1 _
[(n +s—3)(n+s +§)]an +a,_7=0
1
an = — an_ y n 22 18
" (N+s—-3)(n+s+3) n-2 (18)
Corresponding to the larger root Sq :% we find from the coefficient of x 3*1 that
& =0. Hence, ag=ag =...=ay ;1 =...=0
Further, for s1 =%
1
an =—————an_2, N=2,4,6,...
(n)(n +1)

1
em =T omy2m +1)

Setting n =2m then aoym—_2, N=123,...

By solving this recurrence relation we find that

1 1

2m =T omym 1) 2m(2m +1)2m —2)(2m—3) 24

T 2m(2m +1)(2m —2)(21m—3)(2 m—4)(2m-—5) 2m-
DT

In general ag, m=123,...

P P—
2M = (om +1)!
Hence taking ag =0

3 2 (D" om0 (DM omn
y_le:1+m21 mx }_x ZLZO 2m +1)!x :l (20)

The power series in Eq. (20) is precisely the Taylor series for sin x; hence one

_1
solution of the Bessel equation of order one-half is x 2sinx . The Bessel function of

1
2
the first kind of order one-half, J 1, is defined as (Ej y1. Thus
2 T

1

2 \2 .
Jl(x):(—j sinx, x >0
2

X
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Corresponding to the root s, = —% it is possible that we may have difficulty in
computing a;since N =s; —so =1. However, from Eq. (17) for s, = —%the

coefficients of xS and x S *are both zero regardless of the choice of ay and a; .
Hence agand a; can be chosen arbitrarily. From the recurrence relation (18) we
obtain a set of even-numbered coefficients corresponding to ay and a set of odd-
numbered coefficients corresponding to a;. Thus no logarithmic term is needed to
obtain a second solution in this case. It is left as an exercise to show that, for

_ 1 _(-D"ag C(-D"ay
52——5, dopn = (2n)! ) a2n+1—m, n=123,..
Hence

-)" 2 n" y 2n+1

X)=x" x 2 -

y2(x) {aonzo (2n), 1nZO n +1)|
:aoc\o/i_x +als\|/nx_x X >0 (21)

The constant a; simply introduces a multiple of y1(x ). The second linearly
independent solution of the Bessel equation of order one-half is usually taken to be

1/2
the solution for which ag :(E) and a; =0. It is denoted by J_y/5. Then
T

1/2
J_1/2(x):(ﬂixj COSX, X >0 (22)

The general solution isy =cqJ1/9(X)+CpJ_1/2(X) .The graphs of J1/2 and J—-1/2 are

shown in Figure
W)
"'I_.

Iy plx)

0.5 7,x)
Z/\ | |//R | | /fr\

2 \4 6 8 NoO 12 14 =x
e

-0.5—

By Dr.Fathi Abdessalam
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